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Group — A

Answer any one question from the following questions (15 marks)

1. (a) Prove that if G is a finite group of order p"m, where p is a prime, r and m
are positive integers, and ged(p, m) = 1, then G has a subgroup of order p for all
k,O<k<r.

(b) Let G be a cyclic group of order n and ¢ be the Euler ¢-function. Prove that
|Aut(G)| = ¢p(n). [10 +5 =15]

2. (a) Prove that every Euclidean domain is a principal ideal domain. Give an
example to show that converse is not true in general.

(b) Let M be an ideal of a commutative ring R. Prove that R/M is a field if and
only if M is a maximal ideal x* € M implies x € M for all x € R.
[8 +7 =15]

Group - B

Answer any one question from the following questions (10 marks)

1. (a) Let R be a commutative ring with 1. Prove that the following conditions are
equivalent:

(i) R is a field.

(ii) R[x] is a Euclidean domain.

(iii) R[x] is a PID. [10]

2. (a) Let H; and H, be subgroups of a group G with H, normal. Then show that
H/H; N H, =~ (HH;)/Ho.
(b) Show that 872./56Z ~ Z;. [6+4 =10]





